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ABSTRACT
We show that the half-maximal SU(2) gauged supergravity with topological mass term
admits coupling of an arbitrary number of n vector multiplets. The chiral circle reduction
of the ungauged theory in the dual 2-form formulation gives N = (1, 0) supergravity in 6D
coupled to 3p scalars that parametrize the coset SO(p, 3)/SO(p) × SO(3), a dilaton and
(p+3) axions with p ≤ n. Demanding that R-symmetry gauging survives in 6D is shown to
put severe restrictions on the 7D model, in particular requiring noncompact gaugings. We
find that the SO(2, 2) and SO(3, 1) gauged 7D supergravities give a U(1)R, and the SO(2, 1)
gauged 7D supergravity gives an Sp(1)R gauged chiral 6D supergravities coupled to certain
matter multiplets. In the 6D models obtained, with or without gauging, we show that the
scalar fields of the matter sector parametrize the coset SO(p + 1, 4)/SO(p + 1) × SO(4),
with the (p+3) axions corresponding to its abelian isometries. In the ungauged 6D models,
upon dualizing the axions to 4-form potentials, we obtain coupling of p linear multiplets
and one special linear multiplet to chiral 6D supergravity.
† Research supported in part by NSF Grant PHY-0314712
Contents
1 Introduction 3
2 The Gauged 7D Model with Matter Couplings 7
3 Chiral Reduction on a Circle 10
3.1 Reduction Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2 Solution to the Reduction Conditions . . . . . . . . . . . . . . . . . . . . . . 13
4 The 6D Lagrangian and Supersymmetry Transformations 17
5 The Hidden Quaternionic Kahler Coset Structure 21
5.1 Hidden Symmetry in the Symmetric Gauge . . . . . . . . . . . . . . . . . . 22
5.2 Hidden Symmetry in the Iwasawa Gauge . . . . . . . . . . . . . . . . . . . . 24
6 Comments 29
A The Dual Gauged 7D Model with Matter Couplings and Topological Mass Term 31
B The Map Between SL(4, R)/SO(4) and SO(3, 3)/SO(3) × SO(3) 33
C Dualization of the Axions in the Ungauged 6D Model 36
D The Iwasawa Decomposition of SO(p, q) 38
2
1 Introduction
An impressively large number of string/M theory vacua admit a low energy supergravity
description in diverse dimensions in which, however, the R-symmetry group is either trivial
or a global (ungauged) symmetry. There exists a far smaller class of vacua which admit
gauged supergravities, which, by definition are those in which the R-symmetry is nontrivial
and gauged by means of a vector field inside or outside the supergravity multiplet, or a
combination thereof1. These have played an important role in phenomena such as the
AdS/CFT as well as the domain-wall/quantum field theory correspondence. The standard
examples involve the maximally supersymmetric SO(N) gauged supergravities but it has
been shown that the noncompact gauged supergravities, whose gauge group is a contraction
and/or analytic continuation of SO(N), with less supersymmetries play a role as well.
While a full classification of all possible gauged supergravities is not available, it is natural
to investigate whether all of the ones that are known can be obtained from string/M theory.
This is not a simple problem, of course, when addressed in such a generality. However, there
is a class of gauged supergravities that are especially interesting to explore, namely matter
coupled gauged minimal supergravities in six dimensions [1]. One immediate reason why
these are interesting is that the requirement of anomaly freedom turns out to be highly
restrictive such that there are very few models that satisfy these criteria [2, 3, 4, 5, 6], and
moreover, so far it is not known if any of these models can be embedded in string/M-theory.
We expect that if and when such embeddings are discovered, they are likely to reveal novel
phenomena in string/M-theory.
Certain progress has already been made by Cvetic, Gibbons and Pope [7] who showed that
the U(1) gauged minimal 6D supergravity, while anomalous, it can nonetheless be obtained
from M-theory on H2,2 × S1 followed by a truncation. Here, H2,2 is a noncompact hyper-
boloidal 3-manifold that can be embedded in a (2, 2) signature plane. The new phenomenon
is that the intermediary 7D theory obtained prior to the circle reduction and chiral trunca-
tion must have a noncompact gauge group, in this case SO(2, 2). Naive reduction attempts
had not worked prior to this observation.
The purpose of this paper is to start from a general gauged supergravity theory in 7D [13],
and putting aside its string/M-theory origin, as well as the issue of anomaly-freedom for now,
to look for the most general circle reduction followed by chiral truncation with the criteria
that a gauged 6D supergravity results. The generic ungauged half-maximal supergravity
1When the gauge group is larger than the R-symmetry group, they will still be referred to as gauged
supergravities as long as it contains the R-symmetry group.
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coupled to n vector multiplets [13] has scalar fields whose interactions are governed by the
coset SO(n, 3)/SO(n)×SO(3). The chiral reduction of this model gives rise to an N = (1, 0)
supergravity in 6D coupled to p ≤ n on-shell linear multiples, one on-shell special linear
multiplet and (n−p) vector multiplets. The theory in 7D is half-maximal and coupled to n
vector multiplets. Thus, it has (40+8n)B +(40+8n)F degrees of freedom, while the chiral
theory we end up with in 6D has [16 + 4+ 4p+4(n− p)]B + [16 + 4+ 4p+4(n− p)]F , that
is to say (20+ 4n)B + (20+ 4n)F degrees o freedom, which, as expected, is half the degrees
of freedom we start with in 7D.
An on-shell linear multiplet is the dual version of an off-shell linear multiplet whose bosons
consist of a 4-form potential and three scalars, in which the 4-form potential is dualized to
an axionic scalar. What we call an on-shell special linear multiplet has a bosonic sector that
consists of three axionic scalars that can be dualized to three 4-form potentials and one
scalar. We show that the model can be reformulated as a 6D supergravity theory coupled
to (p+1) hypermultiplets whose scalar fields parametrize the coset SO(p+1, 4)/SO(p+1)×
SO(4). This will be studied both in the symmetric gauge as well as in the Iwasawa gauge.
The isometry group contains (p+3) abelian isometries which correspond to the (n+3) axions
that can be dualized to the p linear and one special linear multiplets described above. This
dualization is carried out here and the results are presented in Appendix C.
All of this is similar to the hypermultiplet coupling to N = 2 supergravity in 4D in which
case the abelian isometries have a dual description in terms of a suitable number of tensor
multiplets, which are the 4D version of our linear multiplets, and one double-tensor multi-
plet, which is the analog of our special linear multiplet (which we might view as triple-linear
multiplet) [14].
Turning to the gauged half-maximal supergravities coupled to Yang-Mills in 7D, the allowed
semi-simple gauge groups are of the form
G0 ×H ⊂ SO(n, 3) , (1.1)
with G0 being one of the six groups listed in (2.7). The noncompact gauge groups among
them are those which have up to 3 compact or up to 3 noncompact generators. The models
of special interest are those in which the chiral truncation of the 7D gauged theory gives rise
to an R-symmetry gauged theory in 6D. Such models are very difficult to obtain from higher
dimensions, and indeed, only few such models exist. The ones we find are Sp(1)R or U(1)R
gauged and matter coupled 6D supergravities with hidden SO(p+1, 4)/SO(p+1)×SO(4)
structure for p = 0, 1, and one or no external Maxwell multiplets that do not participate in
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the gauging of the R-symmetry. The content of these models will be summarized below.
Analogous models have been constructed directly in 4D as N = 2 gauged supergravity
coupled to hypermultiplets in which abelian isometries of the quaternionic Kahler scalar
manifold are dualized to tensors and they are known to arise in certain compactifications
of string theories [15, 16]2.
As we shall see, the gauged chiral 6D supergravities arise from half-maximal 7D supergrav-
ities with noncompact gaugings. While noncompact gauging is necessary, it is not sufficient
for obtaining R-symmetry gauging in 6D. Indeed, of the five possible noncompact gaugings
listed in (2.7), we shall find that the SL(3, R) gauged theory does not admit a chiral circle
reduction to a gauged 6D supergravity. In the case of SO(2, 1)3 gauged theory, it turns out
that a consistent chiral reduction with surviving 6D gauge group O(1, 1)3 is possible but
these do not gauge the R-symmetry. The remaining three noncompact gauged supergrav-
ities in 7D, however, do give rise to the R-symmetry gauged supergravities in 6D and we
find the following three models:
• The SO(3, 1) model:
This model is obtained form the SO(3, 1) gauged half-maximal 7D supergravity cou-
pled to 3 vector multiplets, with SO(3, 3)/SO(3) × SO(3) scalar sector. Its chiral
reduction gives a U(1)R gauged supergravity coupled to a special linear multiplet in
6D, referred to as model II in section 3.2.
• The SO(2, 1) model:
This model is obtained form the SO(2, 1) gauged half-maximal 7D supergravity cou-
pled to a single vector multiplet, with SO(3, 1)/SO(3) scalar sector. Its chiral reduc-
tion gives rise to an Sp(1)R gauged supergravity coupled to a special linear multiplet
in 6D, referred to as model IV in section 3.2.
• The SO(2, 2) model:
This model is obtained form the SO(2, 2) gauged half-maximal 7D supergravity cou-
pled to a 3 vector multiplets, with SO(3, 3)/SO(3) scalar sector. Its chiral reduction
gives a U(1)R gauged theory coupled to an additional Maxwell multiplet, a linear mul-
tiplet and a special linear multiplet in 6D, referred to as model V in section 3.2.
2In the context of globally supersymmetric sigma models, the phenomenon of dualizing abelian isometries
of a hyperkahler manifold to obtain tensor multiplets in 4D, and linear multiplets in 6D, was described long
ago in [17]. The 4D case was treated in more detail in [15] as well.
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The SO(2, 2) and SO(3, 1) models can be obtained from a reduction of the N = 1,D =
10 supergravity on the noncompact hyperboloidal 3-manifolds H2,2 and H3,1, respectively
[8, 9, 7]3. These models can also be obtained from analytical continuation of an SO(4)
gauged 7D supergravity [10] which, in turn, can be obtained from an S3 compactification
of Type IIA supergravity [11], or a limit of an S4 reduction of D = 11 supergravity which
reduces to a compactification on S3 ×R [12].
The specific gauged supergravities we have found are expected to play a role in a string/M
theoretic construction of an anomaly-free matter coupled minimal gauged supergravity in
6D. With regard to various matter coupled 7D supergravities considered here, we note
that the heterotic string on T 3 gives rise to half-maximal 7D supergravity coupled to 19
Maxwell multiplets, which, in turn, is dual to M-theory on K3.
Finally, in this paper, we have also shown that, contrary to the claims made in the literature
[18], we can dualize the 2-form potential to a 3-form potential in the gauged 7D supergravity
even in the presence of couplings to an arbitrary number of vector multiplets (see Appendix
A).
This paper is organized as follows. In section 2, we recall the (gauged) half-maximal super-
gravity couple to n vector multiplets [13]. In particular, we list the possible non-compact
gaugings in this theory. In section 3, we determine the conditions that must be satisfied
by the requirement of chiral supersymmetry in 6D, both, for the gauged and ungauged 7D
theory. We then solve these conditions, and determine the field content, the 6D supermul-
tiplet structure. In section 4, we obtain the 6D supergravity for the fields that survive the
chiral reduction, and their supersymmetry transformation rules. In section 5, we exhibit
the hidden quaternionic Kahler coset structure that given the couplings of the matter mul-
tiplets in 6D by an extensive use of the Iwasawa decompositions. This is not surprising for
the ungauged and bosonic sector. Here, we show the result for the gauged and ungauged
models, and including the fermionic sectors well. A brief summary and comments are given
in section 7.
In Appendix A, we give our result for the dual formulation of the gauged and matter
coupled 7D supergravity, in which the 2-form potential is dualized to a 3-form potential.
A useful relation between the SL(4, R)/SO(4) parametrization used in [10, 7] and the
SO(3, 3)/SO(3) × SO(3) parametrization used in [13] and in this paper. In Appendix C,
considering the ungauged 6D models, we dualize the axionic scalar field to 4-form potentials,
3These reductions can straightforwardly be lifted to D = 11. Note also that the spaces Hp,q can be
constructed from embedding into a (p, q) signature plane.
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thereby obtaining a coupling of a an arbitrary number of linear multiplets to a single special
linear multiplet. Appendix D,contains some useful formula on the Iwasawa decomposition
of SO(p, q) that is used in showing the hidden quaternionic Kahler coset structure in six
dimensional model. that we obtain by chiral reduction.
2 The Gauged 7D Model with Matter Couplings
Half-maximal supergravity in D = 7 coupled to n vector multiplets has the field content
(
eµ
m, Bµν , σ,A
I
µ, φ
α, ψµ, χ, λ
r
)
, (2.1)
where the fermions ψµ, χ, λ
r are symplectic Majorana and they all carry Sp(1) doublet
indices which have been suppressed. The 3n scalars φα(α = 1, 2, .., 3n) parametrize the
coset
SO(n, 3)
SO(n)× SO(3) . (2.2)
The gauge fermions λr (r = 1, ..., n) transform in the vector representation of SO(n), while
the vector fields AIµ (I = 1, ..., n + 3) transform in the vector representation of SO(n, 3).
The 2-form potential Bµν and the dilaton σ are real.
It is useful to define a few ingredients associated with the scalar coset manifold as they arise
in the Lagrangian. We first introducing the coset representative
L = (LI
i, LI
r) , I = 1, ..., n + 3, i = 1, 2, 3 , r = 1, ..., n , (2.3)
which forms an (n + 3)× (n + 3) matrix that obeys the relation
− LI iLiJ + LIrLJr = ηIJ , (2.4)
where ηIJ = diag(−−−++...+). The contraction of the SO(n) and SO(3) indices is with
the Kronecker deltas δrs and δij while the raising and lowering of the SO(n, 3) indices will
be with the SO(n, 3) invariant metric ηIJ . Given that the SO(3) indices are raised and
lowered by the Kronecker delta, it follows that, in our conventions,
LiI = LIi , L
i
IL
I
j = −δij , LiILIj = −δij .
Note also that the inverse coset representative L−1 is given by L−1 =
(
LI i, L
I
r
)
where
LI i = η
IJ LJi and L
I
r = η
IJ LJr. In the gauged matter coupled theory of [13], a key
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building block is the gauged Maurer-Cartan form
P irµ = L
Ir
(
∂µδ
K
I + fIJ
KAJµ
)
LiK ,
Qijµ = L
Ij
(
∂µδ
K
I + fIJ
KAJµ
)
LiK ,
Qrsµ = L
Ir
(
∂µδ
K
I + fIJ
KAJµ
)
LsK , (2.5)
where fIJ
K are the structure constants of the not necessarily simple group K ⊂ SO(n, 3) of
dimension n+3, and the gauge coupling constants are absorbed into their definition of the
structure constants. TheK-invariance of the theory requires that the adjoint representation
of K leaves ηIJ invariant:
fIK
L ηLJ + fJK
L ηLI = 0 . (2.6)
It follows that for each simple subgroup of K, the corresponding part of ηIJ must be a
multiple of its Cartan-Killing metric. Since ηIJ contains an arbitrary number of positive
entries, K can be an arbitrarily large compact group. On the other hand, as ηIJ has only
three negative entries, K can have 3 or less compact generators, or 3 or less noncompact
generators4 . Thus, the allowed semi-simple gauge groups are of the form G0×H ⊂ SO(n, 3)
where G0 is one of the following
(I) SO(3)
(II) SO(3, 1)
(III) SL(3, R)
(IV ) SO(2, 1)
(V ) SO(2, 1) × SO(2, 1)
(V I) SO(2, 1) × SO(2, 1) × SO(2, 1) (2.7)
and H is a semi-simple compact Lie group with dimH ≤ (n+3− dimG0). Of these cases,
only (I) with H = SO(3) corresponding to SO(4) gauged supergravity, (II) and (V) are
known to have a ten- or eleven-dimensional origin. Though the cases (III)–(VI) are not
mentioned explicitly in [13], the Lagrangian provided there is valid for all the cases listed
above.
4This is similar to the reasoning in [19] where the gauging of N = 4, D = 4 supergravity coupled to n
vector multiplets is considered. In this case, the relevant η is the SO(n, 6) invariant tensor and the resulting
noncompact simple gauge groups have been listed in [19].
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The Lagrangian of [13], up to quartic fermion terms, is given by 5.
L = LB + LF (2.8)
e−1LB = 12R− 14eσ
(
F iµνF
µν
i + F
r
µνF
µν
r
)
− 112e2σGµνρGµνρ
−58∂µσ∂µσ − 12P irµ Pµir − 14e−σ
(
CirCir − 19C2
)
, (2.9)
e−1LF = − i2 ψ¯µγµνρDνψρ − 5i2 χ¯γµDµχ− i2 λ¯rγµDµλr − 5i4 χ¯γµγνψµ∂νσ
−12 λ¯rσiγµγνψµPνri + i24√2e
σGµνρX
µνρ + 18e
σ/2F iµνX
µν
i − i4eσ/2F rµνXµνr
− i
√
2
24 e
−σ/2C
(
ψ¯µγ
µνψν + 2ψ¯µγ
µχ+ 3χ¯χ− λ¯rλr
)
+ 1
2
√
2
e−σ/2Cir
(
ψ¯µσ
iγµλr − 2χ¯σiλr
)
+ 12e
−σ/2Crsiλ¯rσiλs , (2.10)
where the fermionic bilinears are defined as
Xµνρ = ψ¯λγ[λγ
µνργτ ]ψ
τ + 4ψ¯λγ
µνργλχ− 3χ¯γµνρχ+ λ¯rγµνρλr ,
Xµνi = ψ¯
λσiγ[λγ
µνγτ ]ψ
τ − 2ψ¯λσiγµνγλχ+ 3χ¯σiγµνχ− λ¯rσiγµνλr ,
Xµνr = ψ¯λγ
µνγλλr + 2χ¯γµνλr . (2.11)
The field strengths and the covariant derivatives are defined as
Gµνρ = 3∂[µBνρ] − 3√2ω
0
µνρ , ω
0
µνρ = F
I
[µνA
J
ρ]ηIJ − 13fIJKAIµAJνAρK ,
F Iµν = 2∂[µA
I
ν] + fJK
IAJµA
K
ν , F
i
µν = F
I
µνL
i
I , F
r
µν = F
I
µνL
r
I , (2.12)
Dµ = ∂µ +
1
4
ωµ
abγab +
1
2
√
2
Qiµ σ
i , Qiµ =
i√
2
ǫijkQµjk , (2.13)
and the C-functions are given by [13]
C = − 1√
2
fIJ
KLIiL
J
j LKk ǫ
ijk ,
Cir =
1√
2
fIJ
KLIjL
J
kLKr ǫ
ijk ,
Crsi = fIJ
KLIrL
J
sLKi . (2.14)
5We follow the conventions of [13]. In particular, ηµν = diag(− + + · · ·+), the spinors are symplectic
Majorana, CT = C and (γµC)T = −γµC. Thus, ψ¯γν1···νnλ = (−1)nψ¯γνn···ν1λ, where the Sp(1) doublet
indices are contracted and suppressed. Here we also use XAB =
1√
2
(σi)ABX
i, and further conventions are:
XA = ǫABXB , XA = X
BǫBA, ǫ
ABǫBC = −δAC , ψ¯λ = ψAλA, ψ¯σiλ = ψ¯A(σi)ABǫB .
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The local supersymmetry transformation rules read [13]
δeµ
m = iǫ¯γmψµ ,
δψµ = 2Dµǫ− 160√2e
σGρστ (γµγ
ρστ + 5γρστγµ) ǫ
− i20eσ/2F iρσ σi (3γµγρσ − 5γρσγµ) ǫ−
√
2
30 e
−σ/2Cγµǫ ,
δχ = −12γµ∂µσǫ− i10eσ/2F iµν σiγµνǫ− 115√2e
σGµνργ
µνρǫ+
√
2
30 e
−σ/2Cǫ ,
δBµν = i
√
2e−σ
(
ǫ¯γ[µψν] + ǫ¯γµνχ
)
−
√
2AI[µδA
J
ν]ηIJ ,
δσ = −2iǫ¯χ ,
δAIµ = −e−σ/2
(
ǫ¯σiψµ + ǫ¯σ
iγµχ
)
LIi + ie
−σ/2 ǫ¯γµλrLIr ,
δLrI = ǫ¯σ
iλrLiI , δL
i
I = ǫ¯σ
iλrL
r
I , (2.15)
δλr = −12eσ/2F rµνγµνǫ+ iγµP irµ σiǫ− i√2e
−σ/2Cirσiǫ .
For purposes of the next section, we exhibit the gauge field dependent part of the gauged
Maurer-Cartan forms:
P irµ = P
ir(0)
µ − 12√2 ǫ
ijk CjrAkµ − CirsAsµ ,
Qijµ = Q
ij(0)
µ +
1
3
√
2
ǫijk C Akµ − 12√2 ǫ
ijk CkrArµ , (2.16)
where the zero superscript indicates the gauge field independent parts.
3 Chiral Reduction on a Circle
3.1 Reduction Conditions
Here we shall consider all the 7D quantities of the previous section such as fields, world and
Lorentz indices to be hatted, and the corresponding 6D quantities to be unhatted ones. We
parametrize the 7D metric as
dŝ2 = e2αφ ds2 + e2βφ(dy −A)2 . (3.1)
In order to obtain the canonical Hilbert-Einstein term in D = 6, we choose
α = − 1
2
√
10
, β = −4α . (3.2)
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We shall work with the natural vielbein basis
eˆa = eαφea , eˆ7 = eβφ(dy −A) . (3.3)
Next, we analyze the constraints that come from the requirement of circle reduction followed
by chiral truncation retaining N = (1, 0) supersymmetry. Let us first set to zero the 7D
gauge coupling constant and deduce the consistent chiral truncation conditions. At the end
of the section we shall then re-introduce the coupling constant and determine the additional
constraints that need to be satisfied.
The gravitino field in seven dimensions splits into a left handed and a right handed gravitino
in six dimensions upon reduction in a compact direction. Chiral truncation means that we
set one of them to zero, say,
ψ̂a− = 0 . (3.4)
This condition, used in the supersymmetry variation of the vielbein, gravitino and the field
χ̂ readily gives the following further conditions
F̂ Iˆab LIˆ
i = 0 , (3.5)
Aa = 0 , Ĝab7 = 0 , ψ̂7+ = 0 , χ̂+ = 0 . (3.6)
To see how we can satisfy the condition (3.5), it is useful to consider an explicit realization
of the SO(n, 3)/SO(n)×SO(3) coset representative. A convenient such parametrization is
given by
L̂ =

1+φtφ
1−φtφ
2
1−φtφφ
t
φ 21−φtφ 1 + φ
2
1−φtφφ
t
 (3.7)
where φ is a n × 3 matrix φrˆi. Note that this is symmetric, and as such, we shall refer to
this as the coset representative in the symmetric gauge. Now, we observe that to satisfy
(3.5), we can split the index
Iˆ = {I, I ′} , I = 1, ..., p + 3 , I ′ = p+ 4, ..., n + 3 , (3.8)
and set
ÂIa = 0 , LI′
i = 0 . (3.9)
Note that 0 ≤ p ≤ n, and in particular, for p = n, all vector fields AIµ, I = 1, ..., n+3 vanish
(i.e. there are no Ar
′
µ fields) while all the coset scalars φ
rˆi are nonvanishing 6. For p < n,
6Note also that for p = 0, all coset scalars φrˆi vanish while n vector field Ar
′
µ survive.
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however, as we shall see below, (n − p) vector fields survive, and these, in turn, will play a
role in obtaining a gauged supergravity in 6D.
The second condition in (3.9) amounts to setting φr′i = 0 and consequently, introducing
the notation
r̂ = {r, r′} , r = 1, ..., p , r′ = p+ 1, ..., n , (3.10)
we have
LI
r′ = 0 , LI′
r = 0 , LI′
r′ = δI′
r′ . (3.11)
Thus the surviving scalar fields are(
L̂I
i, L̂I
r
)
≡
(
LI
i, LI
r
)
, I = 1, ..., p + 3 , i = 1, 2, 3 , r = 1, ..., p . (3.12)
This is the coset representative of SO(p, 3)/SO(p) × SO(3). From the supersymmetric
variations of the vanishing coset representatives (LI′
i, LI
r′ , LI′
r), on the other hand, we
find that
λ̂r+ = 0 , λ̂
r′
− = 0 . (3.13)
Using these results in the supersymmetry variation of ÂI
′
7 , in turn, immediately gives
ÂI
′
7 = 0 . (3.14)
Next, defining
B̂ = Bµν dx
µ ∧ dxν +Bµ dxµ ∧ dy , (3.15)
the already found conditions Ĝab7 = Aa = ÂIa = 0 imply that
Bµ = 0 . (3.16)
In summary, the surviving bosonic fields are(
gµν , φ, Bµν , σ̂, φir, Â
I
7 , A
I′
µ
)
, (3.17)
and the surviving fermionic fields are(
ψ̂µ+, ψ̂7−, χ̂−, λ̂r−, λ̂
r′
+
)
. (3.18)
We will show in the next section that suitable combinations of these fields (see Eq. (4.1))
form the following supermultiplets:
(gµν , Bµν , σ, ψµ, χ) , (A
I′
µ , λ
r′) , (φir,Φ
I , ϕ, λr, ψ) , (3.19)
I = 1, ..., p + 3 , I ′ = p+ 4, ..., n + 3 ,
r = 1, ..., p , r′ = p+ 1, ..., n , i = 1, 2, 3 .
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The last multiplet represents a fusion of p linear multiplets and one special linear multiplet,
as explained in the introduction. In particular, the (p+3) axionic scalars ΦI can be dualized
to 4-form potentials. Further truncations are possible. Setting φir = 0 gives one special
linear multiplet with fields (Φi, ϕ, ψ) while setting ΦI = 0 eliminates all the (special) linear
multiplets.
Extra Conditions due to Gauging
Extra conditions emerge upon turning on the 7D gauge coupling constants. They arise from
the requirement that the gauge coupling constant dependent terms in the supersymmetry
variations of (ψ̂a−, ψ̂7+, λ̂r+, λ̂
r′
−) vanish. These conditions are
C = 0 , Cir = 0 ,
CirsΦs = 0 , Cir
′s′As
′
µ = 0 , (3.20)
where Φr = ΦILrI and A
s′
µ = A
I′
µ L
r′
I′ . More explicitly, these conditions take the form
f̂IJK L
I
iL
J
j L
K
k = 0 , f̂IJK L
I
iL
J
j L
K
r = 0 , (3.21)
f̂IJK L
I
iL
J
rΦ
K = 0 , f̂Ir′s′ L
I
i A
s′
µ = 0 . (3.22)
Solving these conditions, while keeping all Ar
′
µ and Φ
I , results in a chiral gauged supergravity
theory with the multiplets shown in (3.19) and gauge group K ′ ⊂ SO(n, 3) with structure
constants f̂r′s′t′ . The scalars Φ
I transform in a (p + 3) dimensional representation of K ′,
and there are 3p scalars which parametrize the coset SO(p, 3)/SO(p)× SO(3). The nature
of the R-symmetry gauge group can be read off from
Dµǫ = D
(0)
µ ǫ+
1
2
√
2
σiCir
′
Ar
′
µ ǫ . (3.23)
Note that the 6D model is R-symmetry gauged provided that Cir
′
does not vanish upon
setting all scalars to zero. Moreover, an abelian R-symmetry group can arise when f̂r′s′t′
vanishes with Ckr
′ 6= 0. Next, we show how to solve the conditions (3.21) and (3.22).
3.2 Solution to the Reduction Conditions
The conditions (3.21) and (3.22) can be solved by setting
f̂IJ
K = 0 , f̂I′J ′
K = 0 . (3.24)
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Moreover, the structure constants of the 7D gauge group G0 ×H ⊂ SO(n, 3) must satisfy
the condition (2.6):
f̂IˆKˆ
Lˆ ηLˆJˆ + f̂JˆKˆ
Lˆ ηLˆIˆ = 0 . (3.25)
Given the 7D gauge groups listed in (2.7), we now check case by case when and how these
conditions can be satisfied. To begin with, we observe that given the G0 ×H ⊂ SO(n, 3)
gauged supergravity theory, the H sector can always be carried over to 6D dimension to
give the corresponding Yang-Mills sector whose H-valued gauge fields do not participate in
a possible R-symmetry gauging. Therefore, we shall consider the G0 part of the 7D gauge
group in what follows.
(I) SO(3)
In this model, the 7D gauge group is SO(3) with structure constants
f̂IˆJˆKˆ = (g ǫIJK , 0) . (3.26)
To satisfy (3.24), we must set g = 0. Thus, we see that a chiral truncation to a gauged 6D
theory is not possible in this case.
(II) SO(3, 1)
The smallest 7D scalar manifold that can accommodate this gauging is SO(3, 3)/SO(3) ×
SO(3). In the 7D theory, the gauge group G0 = SO(3, 1) can be embedded in SO(3, 3) as
follows. Denoting the SO(3, 3) generators by TAB = (Tij , Trs, Tir), we can embed SO(3, 1)
by choosing the generators (Trs, T3r) which obey the commutation rules of the SO(3, 1)
algebra. These generators can be relabeled as
(T34, T35, T36, T45, T56, T64) = (T1, T2, T3, T4, T5, T6) ≡ (TI , TI′) , (3.27)
with I = 1, 2, 3 and I ′ = 4, 5, 6. The algebra of these generators is given by
[TI , TJ ] = fIJ
K ′ TK ′ , [TI′ , TJ ] = fI′J
K TK , [TI′ , TJ ′ ] = fI′J ′
K ′ TK ′ . (3.28)
Thus, the conditions (3.24) are satisfied. Furthermore, the Cartan-Killing metric associated
with this algebra is (+ ++−−−) and it satisfies the condition (3.25). In this case, all the
coset scalars are vanishing and the surviving matter scalar fields are (Φi, ϕ) which are the
bosonic fields of a special linear multiplet. This sector will be shown to be described by the
quaternionic Kahler coset SO(4, 1)/SO(4) in section 5. We thus obtain an Sp(1, R) gauged
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supergravity in 6D coupled to a single hypermultiplet. In summary, we have the following
chain of chiral circle reduction and hidden symmetry in this case:
SO(3, 3)
SO(3)× SO(3) −→ (Φ
i, ϕ) −→ SO(4, 1)
SO(4)
(3.29)
Note that the 7D theory we start with has 64B + 64F physical degrees of freedom, while
the resulting 6D theory has 24B + 24F physical degrees of freedom.
(III) SL(3, R)
The minimal 7D scalar manifold to accommodate this gauging is SO(5, 3)/SO(5)×SO(3).
In the 7D theory, the gauge group is SL(3, R), which has 3 compact and 5 noncompact
generators. The condition (3.25) can be satisfied with η = diag(−−−+++++) by making
a particular choice of the generators of SL(3, R) such as
(iλ2, iλ5, iλ7, λ1, λ3, λ4, λ6, λ8) = (T1, T2, T3, T4, T5, T6, T7, T8) = (TI , TI′) , (3.30)
where λ1, ..., λ8 are the standard Gell-Mann matrices, and I = 1, ..., p + 3, I
′ = p + 4, ..., 8
with 0 ≤ p ≤ 5. However, the condition (3.24) is clearly not satisfied since [T1, T2] = T3 and
thus f̂IJ
K 6= 0. Therefore, we conclude that the chiral truncation to a gauged 6D theory is
not possible in this case.
(IV) SO(2, 1)
For this gauging, the minimal 7D scalar manifold is SO(3, 1)/SO(3). Let us denote the
generators of SO(3, 1) by TAB = (Tij , T4i) where i = 1, 2, 3. The 7D gauge group SO(2, 1)
can be embedded into this SO(3, 1) by picking out the generators (T41, T42, T12), where the
last generator is compact and the other two are noncompact. Thus,
f̂IˆJˆKˆ =
(
g ǫijk, 0
)
, i = 1, 2, 4 , (3.31)
where (T41, T42, T12) correspond to (T1, T2, T4), respectively. The SO(3, 1) vector index, on
the other hand, is labeled as I = 1, 2, 3 and I ′ = 4. Thus, the conditions (3.24) and (3.25)
are satisfied and the resulting 6D theory is a U(1)R gauged supergravity coupled to one
special linear multiplet. The gauge field is A4µ, and the special linear multiplet lends itself
to a description in terms of the quaternionic Kahler coset SO(4, 1)/SO(4). We thus obtain
an U(1)R gauged supergravity in 6D coupled to one hypermultiplet. This model is similar
to the Sp(1)R gauged model obtained from the SO(3, 1) gauged 7D supergravity described
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above, the only difference being that the gauge group is now U(1)R. In summary, we have
the following chain of chiral circle reduction and hidden symmetry:
SO(3, 1)
SO(3)
−→ (Φi, ϕ) −→ SO(4, 1)
SO(4)
(3.32)
In this case, the 7D theory we start with has 64B + 64F physical degrees of freedom, while
the resulting 6D theory has 24B + 24F physical degrees of freedom.
(V) SO(2, 2)
This case is of considerable interest as it can be obtained from a reduction of N = 1
supergravity in ten dimensions on a certain manifold H2,2 as shown in [7], where its chiral
circle reduction has been studied. As we shall see below, their result is a special case of a
more general such reduction.
The minimal model that can accommodate the SO(2, 2) gauging is SO(3, 3)/SO(3) ×
SO(3) ∼ SL(4, R)/SO(4). To solve the conditions (3.24), we embed the SO(2, 2) in SO(3, 3)
by setting
f̂IˆJˆ
Kˆ = (g1 ǫijℓ η
kℓ , g2 ǫrst η
tq ) , i = 1, 2, 6 , r = 3, 4, 5 ,
ηij = diag (−−+) , ηrs = diag (−++) , (3.33)
where (g1, g2) are the gauge coupling constants for SO(2, 1) × SO(2, 1) ∼ SO(2, 2). These
structure constants can be checked to satisfy the condition (3.25). Furthermore, the condi-
tions (3.24) are satisfied since I = 1, 2, 3, 4 and I ′ = 5, 6. The resulting 6D theory is a U(1)R
gauged supergravity coupled to one external Maxwell multiplet (in addition to the Maxwell
multiplet that gauges the R-symmetry) and two hypermultiplets. The two hypermultiplets
consist of the fields shown in the last group in (3.19) with p = 1, n = 3. The U(1)R is
gauged by the vector field A6µ. The vector field A
5
µ, which corresponds to O(1, 1) rotations,
resides in the Maxwell multiplet. In this model, the surviving SO(3, 1)/SO(3) sigma model
sector in 6D, gets enlarged with the help of the axionic fields to become the quaternionic
Kahler coset SO(4, 2)/SO(4) × SO(2), as will be shown in section 5. In summary, we have
the following chain of chiral circle reduction and hidden symmetry
SO(3, 3)
SO(3)× SO(3) −→
SO(3, 1)
SO(3)
−→ SO(4, 2)
SO(4)× SO(2) (3.34)
It is also worth noting that the Cvetic-Gibbons–Pope reduction [7] that gave rise to the
U(1)R gauged 6D supergravity is a special case of our results that can be obtained by setting
to zero all the scalar fields of the SO(3, 1)/SO(3) sigma model, the gauge field A5µ and their
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fermionic partners. This model was studied in the language of the SL(4, R)/SO(4) coset
structure. In Appendix B, we give the map between this coset and the SO(3, 3)/SO(3) ×
SO(3) coset used here.
Note that, in this case the 7D theory we start with has 64B + 64F physical degrees of
freedom, and the resulting 6D theory has half as many, namely, 32B +32F physical degrees
of freedom
(VI) SO(2, 2) × SO(2, 1)
In this case, the minimal 7D sigma model sector is based on SO(6, 3)/SO(6) × SO(3). To
solve the condition (3.24) in such a way to obtain an R-symmetry gauged 6D supergravity,
we embed the 7D gauge group SO(2, 2) × SO(2, 1) in SO(6, 3) by setting
f̂Iˆ Jˆ
Kˆ =
(
g1 ǫijℓ η
kℓ , g2 ǫrst η
tq , g3 ǫi′j′ℓ′η
k′ℓ′
)
, i = 1, 4, 5 , r = 2, 6, 7 , i′ = 3, 8, 9 ,
ηij = diag (− ++) , ηrs = diag (− ++) , ηi′j′ = diag (− ++) , (3.35)
where (g1, g2, g3) are the gauge coupling constants for SO(2, 1)× SO(2, 1)× SO(2, 1). The
conditions (3.24) are satisfied since I = 1, 2, 3, 5, 7, 9 and I ′ = 4, 6, 8. The resulting 6D
theory has a local O(1, 1)3 gauge symmetry, and hence three Maxwell multiplets but no
gauged R symmetry, and three hypermultiplets. The gauge fields are (A4µ, A
6
µ, A
8
µ), and the
hypermultiplets consist of the fields shown in the last group in (3.19) with p = 3, n = 6. In
this model, the surviving SO(3, 3)/SO(3)×SO(3) sigma model in 6D gets enlarged to the
quaternionic Kahler SO(4, 4)/SO(4) × SO(4) with the help of the axionic fields, as will be
described in section 5. In summary, we have the following chain of chiral circle reduction
and hidden symmetry:
SO(6, 3)
SO(6)× SO(3) −→
SO(3, 3)
SO(3)× SO(3) −→
SO(4, 4)
SO(4)× SO(4) (3.36)
To summarize, we have found that the SO(3, 1) and SO(2, 2) gauged 7D models give rise
to U(1)R gauged supergravity, and the SO(2, 1) gauged 7D model yields an Sp(1)R gauged
chiral supergravity, coupled to specific matter multiplets in six dimensions.
4 The 6D Lagrangian and Supersymmetry Transformations
The chiral reduction on a circle along the lines described above requires, as usual, the
diagonalization of the kinetic terms for various matter fields. This is achieved by defining
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σ = (σˆ − 2αφ) , ϕ = 1
2
(σˆ + 8αφ) ,
χ =
√
2eαφ/2
(
χˆ+
1
4
ψˆ7
)
, ψ =
1√
2
eαφ/2
(
ψˆ7 − χˆ
)
,
ψa =
1√
2
eαφ/2
(
ψˆa − 1
4
γaψˆ7
)
, ψr =
1√
2
eαφ/2λˆr ,
ΦI = ÂI7 , λ
r′ =
1√
2
eαφ/2λˆr
′
, ǫ̂ =
1√
2
eαφ/2ǫ . (4.1)
Furthermore, recalling the Ansatz and noting that the only non-vanishing components of
the spin connection are
ωˆcab = e
−αφ
(
ωcab + 2αηc[a∂b]φ
)
, ωˆ77a = βe
−αφ∂aφ , (4.2)
where the indices on the spin connection refer to the tangent space, the 6D supergravity
theory obtained by the reduction scheme describe above has the Lagrangian L = LB + LF
where7
e−1LB = 14R−
1
4
(∂µσ)
2 − 112e2σGµνρGµνρ − 18eσF r
′
µνF
µνr′ (4.3)
−14∂µϕ∂µϕ− 14P irµ Pµir − 14
(
P rµP
µ
r + PiµPµi
)
−18e−σ
(
Cir
′
Cir′ + 2S
ir′Sir′
)
,
e−1LF = − i2ψ¯µγµνρDνψρ − i2 χ¯γµDµχ− i2 λ¯r
′
γµDµλr′ (4.4)
− i2ψ¯γµDµψ − i2 ψ¯rγµDµψr − i2 χ¯γµγνψµ∂νσ
−12ψ¯rγµγνσiψµP irν + i2 ψ¯γµγνψµ∂νϕ
−12ψ¯γµγνσiψµPiν −
i
2
ψ¯rγµγνψµP
r
ν − 14PiµXµi
−iP rµXµr + i24eσGµνρXµνρ − i4eσ/2F r
′
µνX
µν
r′
+e−σ/2
(
−Cirr′λ¯r′σiψr + iSrr′λ¯r′ψr − Sir′λ¯r′σiψ
)
+ 1
2
√
2
e−σ/2λ¯r
′
σiγµψµ
(
Cir′ −
√
2Sir′
)
+ 1
2
√
2
e−σ/2λ¯r
′
σiχ
(
Cir′ −
√
2Sir′
)
,
7In order to make contact with more standard conventions in 6D, we have redefined Gµνρ →
√
2Gµνρ
and multiplied the Lagrangian by a factor of 1/2. The spacetime signature is (−+++++), the spinors are
symplectic Majorana-Weyl, CT = −C and (γµC)T = −γµC. Thus, ψ¯γν1···νnλ = (−1)nψ¯γνn···ν1λ, where
the Sp(1) doublet indices are contracted and suppressed. We also use the convention: γµ1···µ6 = eǫµ1···µ6 γ7.
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and where
Xµνρ = ψ¯λγ[λγ
µνργτ ]ψ
τ + ψ¯λγ
µνργλχ− χ¯γµνρχ+ λ¯r′γµνρλr′ + ψ¯rγµνρψr + ψ¯γµνρψ ,
Xµi = ψ¯
ργ[ργ
µγτ ]σiψ
τ + χ¯γµσiχ+ λ¯
r′γµσiλr′ − ψ¯rγµσiψr − ψ¯γµσiψ ,
Xµνr′ = ψ¯ργ
µνγρλr′ + χ¯γ
µνλr′ ,
Xµr = ψ¯γ
µψr . (4.5)
The action is invariant under the following 6D supersymmetry transformations
δemµ = iǫ¯γ
mψµ ,
δψµ = Dµǫ− 124eσγρστγµGρστ ǫ− i2Piµσiǫ ,
δχ = −12γµ∂µσǫ− 112eσγρστGρστ ǫ ,
δBµν = ie
−σ
(
ǫ¯γ[µψν] +
1
2 ǫ¯γµνχ
)
−Ar′[µδAr
′
ν],
δσ = −iǫ¯χ ,
δAr
′
µ = ie
−σ/2 ǫ¯γµλr
′
,
δλr
′
= −14eσ/2γµνF r
′
µνǫ− i2√2e
−σ/2
(
Cir
′ −
√
2Sir
′)
σiǫ ,
LrIδφ
I = −ie−ϕǫ¯ψr ,
LiIδφ
I = e−ϕǫ¯σiψ ,
LIi δL
r
I = −ǫ¯σiψr ,
δϕ = iǫ¯ψ,
δψ = i2γ
µ
(
Piµσi − i∂µϕ
)
ǫ,
δψr = i2γ
µ
(
P irµ σi + iP
r
µ
)
ǫ . (4.6)
Several definitions are in order. Firstly, the gauged Maurer-Cartan form is associated with
the coset SO(p, 3)/SO(p) × SO(3) and it is defined as
P irµ = L
Ii
(
∂µδ
J
I − fr′IJAr
′
µ
)
LrJ ,
Qijµ = L
Ii
(
∂µδ
J
I − fr′IJAr
′
µ
)
LjJ ,
Qrsµ = L
Ir
(
∂µδ
K
I − fr′IJAr
′
µ
)
LsJ . (4.7)
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Various quantities occurring above are defined as follows:
Gµνρ = 3∂[µBνρ] − 32
(
F r
′
[µνA
r′
ρ] − 13fr′s′ t
′
Ar
′
µA
s′
ν Aρt′
)
,
F r
′
µν = 2∂[µA
r′
ν] + fs′t′
r′As
′
µA
t′
ν ,
Dµǫ =
(
∂µ +
1
4ωµ
abγab +
1
2
√
2
Qiµ σ
i
)
ǫ ,
Qiµ =
i√
2
ǫijkQµjk = ǫ
ijk(L−1∂µL)jk + Cir
′
Ar
′
µ . (4.8)
The axion field strengths are defined as
Piµ = eϕ(DµφI)LiI ,
P rµ = e
ϕ(Dµφ
I)LrI ,
DµΦ
I = ∂µΦ
I + fr′J
I Ar
′
µ Φ
J , (4.9)
and the gauge functions as
Ckr′ =
1√
2
ǫkijfr′I
J LIiLjJ , Cirr′ = fr′I
JLIiLJr ,
Sir′ = −eϕ fr′IJ ΦJ LIi , Srr′ = −eϕ fr′IJ ΦJ LIr . (4.10)
Note that the S2 term in the potential in (4.3) comes from the P ir
′
7 P
ir′
7 term since P
ir′
7 ∼ Sir
′
.
The above results cover all the chiral reduction schemes that yield gauged supergravities in
6D. We simply need to take the appropriate structure constants and the relevant values of
p in the SO(p, 3)/SO(p) × SO(3) cosets involved.
In the case of the models (II) and (IV), with 7D gauge groups SO(3, 1) and SO(2, 1),
respectively, we have p = 0, which means that the coset representative becomes an identity
matrix and
frIJ → ǫr′ij , Cijr′ →
√
2ǫr′ij , Cirr′ → 0 ,
Sir′ → −ǫr′ijeϕΦj , Srr′ → 0 . (4.11)
By an untwisting procedure, which will be described in the next section, the scalar fields
(Φi, ϕ) can be combined to describe the quaternionic Kahler manifold SO(4, 1)/SO(4) that
governs the couplings of a single hypermultiplet.
In the case of Model (V), we have p = 1, which means that in the 6D model presented
above, the relevant sigma model is SO(3, 1)/SO(3), while in the case of Model (VI), we
have p = 2, which implies the sigma model SO(4, 2)/SO(4) × SO(2). In each case, the
range of indices I, r, i are fixed accordingly.
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5 The Hidden Quaternionic Kahler Coset Structure
It is well known that the ten dimensional N = 1 supergravity theory coupled to N Maxwell
multiplets when reduced on a k-dimensional torus down to D dimensions gives rise to half-
maximal supergravity coupled to (N + k) vector multiplets with an underlying SO(N +
k, k)/SO(N + k)× SO(k) sigma model sector. This means an SO(N + 3, 3)/SO(N + 3)×
SO(3) sigma model in 7D. In the notation of the previous sections, we have N + 3 =
n. A circle reduction of this ungauged theory is then expected to exhibit an SO(N +
4, 4)/SO(N + 4) × SO(4) coset structure. This is a well known phenomenon which has
been described in several papers but primarily in the bosonic sector. In this section, we
shall exhibit this phenomenon in the fermionic sector as well, including the supersymmetry
transformations. Moreover, we shall describe the hidden symmetry of the gauged 6D models
obtained from a consistent chiral reduction of the gauged 7D models, in which case the
SO(p + 3, 3)/SO(p + 3) × SO(3) coset is enlarged to SO(p + 4, 4)/SO(p + 4) × SO(4).
Here, we have redefined p → p + 3 compared to the notation of the previous section, for
convenience.
The key step in uncovering the hidden symmetry is to first rewrite the Lagrangian in
Iwasawa gauge. This gauge is employed by parametrizing the coset SO(p + 3, 3)/SO(p +
3) × SO(3) ≡ C(p + 3, 3) by means of the 3(p + 3) dimensional solvable subalgebra Ks of
SO(p + 3, 3). The importance of this gauge lies in the fact that it enables one to absorb
the (p + 6) axions that come from the 7D Maxwell fields, and a single dilaton that comes
from the 7D metric, into the representative of the coset C(p + 3, 3) to form the represen-
tative of the enlarged coset C(p + 4, 4)8. To do so, we shall first show, in section 5.1, how
various quantities formally combine to give the enlarged coset structure. This will involve
identifications such as those in (5.1) below. These identifications by themselves do not
furnish a proof of the enlarged coset structure, since one still has to construct explicitly a
parametrization of the enlarged coset which produces these identifications. In section 5.2,
we shall provide the proof by exploiting the Iwasawa gauge.
8In general, the solvable subalgebra K̂s ⊂ SO(p + k + 1, k + 1) decomposes into the generators Ks ⊂
SO(p + k, k), and (p + 2k) generators corresponding to axions and a single generator corresponding to a
dilaton.
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5.1 Hidden Symmetry in the Symmetric Gauge
The structure of the Lagrangian and transformation rules presented above readily suggest
the identifications P̂ ir = P ir, Q̂ij = Qij, Q̂rs = Qrs and
P̂ 4r
P̂ i,N+4
P̂ 4,N+4
 =

P r
Pi
−∂ϕ
 ,
(
Q̂4i
Q̂N+4,r
)
=
( Pi
P r
)
(5.1)
for the components of the Maurer-Cartan form, Cˆijr
′
= Cijr
′
, Cˆirr
′
= Cirr
′
and the following
identifications 
Cˆ4ir
′
Cˆ4rr
′
Cˆi,N+4,r
′
Cˆ4,N+4,r
′
 =

Sir
′
Srr
′
−Sir′
0
 , (5.2)
where Cˆijr
′
= 1√
2
ǫijk Ckr
′
, for the gauge functions. Note that the hat notation here does
not refer to higher dimensions but rather they denote objects which transform under the en-
larged symmetry groups. With these identifications the Lagrangian simplifies dramatically.
The bosonic part takes the form
e−1LB = 14R− 14 (∂µσ)2 − 112e2σGµνρGµνρ − 18eσF r
′
µνF
µνr′
−14 P̂ iˆrˆµ P̂µiˆrˆ −
1
8e
−σCˆ iˆjˆr
′
Cˆiˆjˆr′ , (5.3)
and the fermionic part is given by
e−1LF = − i2 ψ¯µγµνρDνψρ − i2 χ¯γµDµχ− i2 λ¯r
′
γµDµλr′ − i2 ψ¯rˆγµDµψrˆ (5.4)
− i2 χ¯γµγνψµ∂νσ − 12 ψ¯rˆγµγνΓ¯iˆψµP̂ iˆrˆν + i24eσGµνρXµνρ
− i4eσ/2F r
′
µνX
µν
r′ − e−σ/2Cˆiˆrˆr′ λ¯r
′
Γiˆψrˆ
− i4e−σ/2Cˆ iˆjˆr
′ (
λ¯r
′
Γiˆjˆγ
µψµ + λ¯
r′Γiˆjˆχ
)
, (5.5)
where iˆ = 1, ..., 4, rˆ = 1, ..., p + 4, we have defined ψN+4 = ψ, and
Xµνρ = ψ¯λγ[λγ
µνργτ ]ψ
τ + ψ¯λγ
µνργλχ− χ¯γµνρχ+ λ¯r′γµνρλr′ + ψ¯rˆγµνρψrˆ ,
Xµνr′ = ψ¯ργ
µνγρλr′ + χ¯γ
µνλr′ . (5.6)
The covariant derivatives are defined as
Dµ

ψµ
χ
λr
′
 = (∇ν + 14ωµabγab + 14Q̂iˆjˆµ Γiˆjˆ)

ψν
χ
λr
′
 ,
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Dµψ
rˆ =
(
∂µ +
1
4ωµ
abγab +
1
4Q̂
iˆjˆ
µ Γ¯iˆjˆ
)
ψrˆ + Q̂rˆsˆµ ψ
sˆ . (5.7)
The SO(4) Dirac matrices have been introduced in the above formula with the conventions
Γiˆ = (σi,−i) , Γ¯iˆ = (σi, i) , Γiˆjˆ = Γ[ˆiΓ¯jˆ] , Γ¯iˆjˆ = Γ¯[ˆiΓjˆ] . (5.8)
It is useful to note that ψ¯rˆΓ¯iˆǫ = −ǫ¯Γiˆψrˆ. Looking more closely at the covariant derivatives
Dµχ =
(
Dµ(ω) +
1
4Q
ij
µ σij +
i
2Piµσi
)
χ ,
Dµψ
rˆ =
(
Dµ(ω) +
1
4Q
ij
µ σij − i2Piµσi
)
ψrˆ + Q̂rˆsˆµ ψ
sˆ , (5.9)
we observe that they transform covariantly under the composite local Sp(1)R transforma-
tions inherited from 7D, and that they contain the composite Sp(1)R connections shifted
by the positive torsion term ( i2Piσi) in the case of fermions that are doublets under the
true Sp(1)R symmetry group in 6D, namely (ψµ, χ, λ
r′), and the negative torsion term
(− i2Piσi) in the case of ψrˆ, which are singlets under this symmetry. By true Sp(1)R
symmetry group in 6D we mean the SO(3)R symmetry group that emerges upon the recog-
nition of the scalar field couplings as being described by the quaternionic Kahler coset
SO(p + 1, 4)/SO(p + 1) × SO(4) in which SO(4) ∼ SO(3) × SO(3)R. The action of this
group is best seen by employing the Iwasawa gauge, as we shall see in the next subsection.
The action is invariant under the following 6D supersymmetry transformations
δemµ = iǫ¯γ
mψµ,
δψµ = Dµǫ− 124eσγρστγµGρστ ǫ ,
δχ = −12γµ∂µσǫ− 112eσγρστGρστ ǫ ,
δBµν = ie
−σ
(
ǫ¯γ[µψν] +
1
2 ǫ¯γµνχ
)
−Ar′[µδAr
′
ν],
δσ = −iǫ¯χ ,
δAr
′
µ = ie
−σ/2 ǫ¯γµλr
′
,
δλr
′
= −14eσ/2γµνF r
′
µνǫ+
1
2e
−σ/2Cˆ iˆjˆr
′
Γiˆjˆǫ ,
Lˆiˆ
IˆδLˆIˆ
rˆ = −ǫ¯Γiˆψrˆ ,
δψrˆ = i2γ
µP̂ iˆrˆµ Γ¯iˆǫ . (5.10)
The relation between the supersymmetric variation of the enlarged coset representative and
those involving the SO(n, 3)/SO(n) × SO(3) coset representative, the dilaton and axions
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is similar to the relations in (5.1) for the corresponding Maurer-Cartan forms, and field
strengths, since L−1dL has the same decomposition as L−1δL. Finally, we note that the
above results for the matter coupled gauged N = (1, 0) supergravity in 6D are in accordance
with the results given in [1].
5.2 Hidden Symmetry in the Iwasawa Gauge
5.2.1 The Ungauged Sector
In order to comply with the standard notation for the Iwasawa decomposition of SO(p, q),
we switch from our coset representative to its transpose as L = VT . Following [20, 21], we
then parametrize the coset SO(p+ 3, 3)/SO(p + 3)× SO(3) as
V = e12 ~ϕ· ~HeCijEij e12AijV ij eBirUir , i = 1, ..., 3 , r = 1, ..., p , (5.11)
where
(
Uir, V
ij , Ei
j , ~H
)
with i < j and V ij = −V ji, are the generators of the 3(p + 3)
dimensional solvable subalgebra of SO(p+ 3, 3) multiplying the corresponding scalar fields
and ~ϕ · ~H stands for ϕiHi.
Using the commutation rules of the generators given in Appendix D, one finds [20]
V =

e
1
2
~ci·~ϕ γj i e
1
2
~ci·~ϕ γkiBsk e
1
2
~ci·~ϕ γki
(
Akj +
1
2B
q
kB
q
j
)
0 δrs B
r
j
0 0 e−
1
2
~ci·~ϕ γ˜ij
 , (5.12)
where ~ci is defined in (D.5), and
γ˜ij = δ
i
j + C
i
j , γ
i
k γ˜
k
j = δ
i
j . (5.13)
The inverse of V can be computed from the defining relation VTΩV = Ω and is given by:
V−1 =

e−
1
2
~cj ·~ϕ γ˜j i −Bsi e 12~cj ·~ϕ γkj
(
Aki +
1
2B
q
k B
q
i
)
0 δrs −e 12~cj ·~ϕ γkj Brk
0 0 e
1
2
~cj ·~ϕ γij
 . (5.14)
In equations (5.12) and (5.14) the indices (i, r) label the rows and (j, s) label the column.
The Iwasawa gauge means setting the scalars corresponding to the maximal compact sub-
algebra equal to zero. Under the action of the global G transformations from the right,
the coset representative will not remain in the Iwasawa gauge but can be brought back
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to that form by a compensating h transformation from the left, namely, Vg = hV ′. The
Maurer-Cartan form dVV−1 can be decomposed into two parts one of which transforms
homogeneously under h and the other one transforms as an h-valued gauge field:
P = dVV−1 +
(
dVV−1
)T
: P → hPh−1 ,
Q = dVV−1 −
(
dVV−1
)T
: Q → dhh−1 + hQh−1 . (5.15)
Both of these are, of course, manifestly invariant under the global g transformations. The
key building block in writing down the action in Iwasawa gauge is the Maurer-Cartan form
[20]
∂µVV−1 = 12∂µ~ϕ · ~H +
∑
i<j
(
e
1
2
~aij ·~ϕFµijV ij + e
1
2
~bij ·~ϕF iµjEij
)
+
∑
i,r
FµirU
ir , (5.16)
where ~aij and ~bij are defined in (D.5) and
Fµij = γ
k
iγ
ℓ
j (∂µAkℓ −Bqk∂µBqℓ) ,
Fµir = γ
j
i∂µBjr ,
F iµj = γkj∂µCik , (5.17)
and it is understood that i < j. Other building blocks for the action are the field strengths
for the axions defined as
V∂µΦ =

Fµi
F
r
µ
F iµ
 , Φ =

Ai
Br
Ci
 , (5.18)
where Ai and B
r form a (p + 3) dimensional representation of SO(p + 3) ⊂ SO(p + 3, 3),
and
Fµi = γ
j
i
(
∂µAj +B
r
j∂µB
r +Ajk∂µC
k + 12B
r
jB
r
k∂µC
k
)
,
F rµ = ∂µB
r +Bri∂µC
i ,
F iµ = γ˜ij ∂µCj . (5.19)
With these definitions, the bosonic part of our 6D Lagrangian that contains the (4p + 4)
scalar fields, which we shall call LG/H , takes the form
e−1LG/H = −14∂µϕ∂µϕ− 18tr
(
dVV−1
) (
dVV−1 + (dVV−1)T
)
−14e2ϕ(V∂µΦ)T (V∂µΦ) . (5.20)
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More explicitly, this can be written as [20]
e−1LG/H = −14∂µϕ∂µϕ− 18
∑
i<j
(
e~aij ·~ϕFµijFµij + e
~bij ·~ϕFµijFµij
)
−
∑
i,r
1
8e
~ci·~ϕFµirFµir
−14e2ϕ
(
e~ci·~ϕFµiFµi + e−~ci·~ϕF iµFµi + F rµFµr
)
. (5.21)
The idea is now to combine the dilaton and axionic scalar field strengths (5.19) with the
scalar field strengths for SO(p+3)/SO(p)×SO(3) defined in (5.17) to express them all as
the scalar field strengths of the enlarged coset SO(p+ 4, 4)/SO(p + 4)× SO(4). As is well
known, this is indeed possible and to this end we need to make the identifications
Fµi =
1√
2
Fµi4 ,
F rµ =
1√
2
F
r
µ4 ,
F iµ = 1√2 F
i
µ4 . (5.22)
The quantities on the right hand side are restrictions of the Maurer-Cartan form based on
the enlarged coset SO(p+ 4, 4)/SO(p + 4)× SO(3) defined as
∂µV̂V̂−1 = 12∂µϕαHα +
∑
α<β
(
e
1
2
~aαβ ·~ϕFµαβV αβ + e
1
2
~bαβ ·~ϕFαµ βEαβ
)
+
∑
α,r
e
1
2
~cα·~ϕFµαrUαr ,
(5.23)
where V̂ is defined as in (5.12) and (Fµαβ ,Fαµ β, Fµαr) as in (5.17), and ~aαβ,~bαβ ,~cα as in
(D.5), with the 3-valued indices replaced by the 4-valued indices everywhere. Equations
(5.22) have a solution given by
Ai =
1√
2
(
Ai4 −AijγjkCk4 − 12BriBr4 + 12BriBrjγjkCk4
)
,
Br = 1√
2
(
Br4 −BriγijCj4
)
,
Ci = 1√
2
γijC
j
4 ,
ϕ = 1√
2
ϕ4 . (5.24)
The identifications (5.22) (where r → r, i), together with (4.9), (5.18), (5.23), (5.16), (4.7)
(with Aµ = 0), (5.15) and (D.5) (defined for 3-valued and 4-valued indices similarly), provide
the proof of (5.1) used to show the hidden symmetry. Using (5.22), the Lagrangian LG/H
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can be written as the SO(p+ 4, 4)/SO(p + 4)× SO(4) sigma model:
e−1LG/H = −18tr
(
dV̂V̂−1
) (
dV̂ V̂−1 + (dV̂ V̂−1)T
)
(5.25)
= −18∂ϕα∂µϕα − 18
∑
α<β
(
e~aαβ ·~ϕFαβµ F
µ
αβ + e
~bαβ ·~ϕFµαβFµαβ
)
− 18
∑
α,r
e~cα·~ϕFµαrFµαr ,
where aαβ, bαβ , cα are defined as in (D.5) with the indices i, j = 1, 2, 3 replaced by α, β =
1, ..., 4.
5.2.2 Gauging and the C-functions
In order to justify the identifications (5.2) of the S-functions as certain components of the
C-functions associated with the enlarged coset space, we need to study these functions in
the Iwasawa gauge. Of the four supergravity models in 6D that have nonvanishing gauge
functions, two of them, namely models (II) and (IV), see section 3.2, are coupled to one
special linear multiplet and as such they deserve separate treatment. In both of these cases,
the gauge functions obey the relations (4.11). We begin by showing how these relations
follow from the C-functions associated with the U(1)R or Sp(1)R gauged SO(4, 1)/SO(4)
sigma model.
The coset representative for SO(4, 1)/SO(4) in the Iwasawa gauge takes the form
V =

eϕ eϕΦi 12e
ϕΦ2
0 δij Φ
i
0 0 e−ϕ
 , (5.26)
where Φ2 = ΦiΦi. Note that we have made the identification B1r → Φi already. Given that
the Sp(1)R or U(1)R generators T
r′ are of the form
T r
′
=

0 0 0
0 T r
′
0
0 0 0
 , (5.27)
we find that the C function based on the enlarged coset is given by
Cr
′
= VT r′V−1 =

0 −T r′ij Φj 0
0 T r
′
ij −T r
′
ij Φ
j
0 0 0
 . (5.28)
Comparing with the relations given in (4.11), and recalling that T r
′
ij ∼ ǫr′ij, we see that
indeed the projection of the C function based on the enlarged coset as defined above does
27
produce the C and S functions obtained from the chiral reduction, as was assumed in the
previous section in (5.2). In the notation of Appendix D, the C function is obtained from
projection by Tij, and the S-function from projection by Ui.
Next, we consider the remaining two supergravities with nontrivial gauge function, namely
models (V) and (VI), see section 3.2, with hidden symmetry chains shown in (3.34) and
(3.36). Prior to uncovering the hidden symmetry, the C and S functions occurring in the
Lagrangian (4.3) and in the supersymmetry transformations (4.6) are Cijr
′
, Cirr
′
, Sir
′
and
Srr
′
. Using (4.10), and the fact that fr′I
J ∼ (Tr′)IJ , we deduce the definitions
~Cr
′
(H) = tr
(
VT r′V−1
)
~H ,
Ci
jr′(E) = tr
(
VT r′V−1
)
Ei
j ,
Cij
r′(V ) = tr
(
VT r′V−1
)
V ij ,
Cir
r′(U) = tr
(
VT r′V−1
)
Uir , (5.29)
for the C functions in the coset direction,
Cijr
′
(X) = tr
(
VT r′V−1
)
Xij , (5.30)
for the C function in the SO(3) direction, and
Sr
′
=

Sr′i
Srr
′
Sir
′
 = √2 eϕ VT r′Φ , (5.31)
for the S functions. For SO(p, q)/SO(p) × SO(q) with p ≥ q, we have i = 1, ..., q and
r = 1, ..., p − q. To show that the C and S functions defined above combine to give the Cˆ
functions for the enlarged coset, we begin with the observation that the gauge group lies
in the H i and Trs directions. Thus we can denote the full gauge symmetry generator that
acts on the enlarged coset representative V as
T r
′
=

Hr
′
0 0
0 T r
′
0
0 0 Hr
′
 , (5.32)
where Hr
′
αβ (α, β = 1, ..., q + 1) is symmetric and T
r′
rs(r, s = 1, ..., p − q) is antisymmetric.
Defining the C functions for the coset SO(p+ 1, q + 1)/SO(p+ 1)× SO(q + 1) as in (5.29)
28
with the index i = 1, ..., q replaced by α = 1, ..., q + 1 and T r
′
defined in (5.32), we find
~Cr
′
(H) = γγαH
r′
γ
δ γ˜αδ ~cα ,
Cβα
r′(E) = e
1
2
(~cα−~cβ)·~ϕ γγαHr
′
γ
δ γ˜βδ ,
Cαβr′(V ) = e
1
2
(~cα−~cβ)·~ϕ γγ [α γ
δ
β]
(
Hr
′
γ
η(Aδη +
1
2B
r
δB
r
η)− T r
′
rsB
r
γB
s
δ
)
,
Cαr
r′(U) = −e 12~cα·~ϕ γβα
(
Hr
′
β
γ Bγr + T
r′
rsBβ
s
)
. (5.33)
Using (5.24), the above quantities reduce to those for the SO(p+ 3, 3)/SO(p + 3)× SO(3)
coset upon restriction of the 4-valued α, β indices to 3-valued (i, j) indices, C4r
′
(H) = 0
and
Cr
′
4i(E) =
√
2eϕSr′ i ,
Cr
′
4i(V ) =
√
2eϕSr
′
i ,
Cr
′
4r(U) = −
√
2eϕSr
′
r . (5.34)
These identifications, upon comparing the definitions (5.29), (5.30) and (5.31) with (4.10),
provide the proof of the relations (5.2) used in showing the hidden symmetry. In doing so,
note that Cirr
′ → (Cirr′ , Ci,jr′) and Srr′ → (Srr′ ,Sir′) and that Ci,jr′ has components in
the ( ~H,E, V, U,X) directions. Note also that, having proven the relations (5.1) and (5.2),
it follows that not only the bosonic part of the 6D Lagrangian, (5.3), but also its part
that contains the fermions, namely, (5.5), exhibits correctly the enlarged coset structure.
This concludes the demonstration of the enlarged coset structure in the 6D models with
nontrivial gauge functions.
6 Comments
We have reduced the half-maximal 7D supergravity with specific noncompact gaugings
coupled to a suitable number of vector multiplets on a circle to 6D and chirally truncated it
to N = (1, 0) supergravity such that a R-symmetry gauging survives. These are referred to
as the SO(3, 1), SO(3, 1) and SO(2, 2) models, and their field content and gauge symmetries
are summarized in the Introduction. These models, in particular, feature couplings to p
linear multiplets whose scalar fields parametrize the coset SO(p, 3)/SO(p)×SO(3), a dilaton
and (p+3) axions, for p ≤ 1. The value of p is restricted in the case of chiral circle reductions
that maintain R-symmetry gauging, but it is arbitrary otherwise. We have exhibited in
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the full model, including the fermionic contributions, how these fields can be combined to
parametrize an enlarged coset SO(p + 1, 4)/SO(p + 1) × SO(4) whose abelian isometries
correspond to the (p + 3) axions. In the ungauged 6D models obtained, we have dualized
the axions to 4-form potentials, thereby obtaining the coupling of p linear multiplets and
one special linear multiplet to chiral 6D supergravity (see Appendix C).
In this paper, we have also shown that, contrary to the claims made in the literature [18],
the 2-form potential in the gauged 7D supergravity can be dualized to a 3-form potential
even in the presence of couplings to an arbitrary number of vector multiplets.
Our results for the R-symmetry gauged reduction of certain noncompact gauged 7D su-
pergravities are likely to play an important role in finding the string/M-theory origin of
the gauged and anomaly-free N = (1, 0) supergravities in 6D which has been a notoriously
challenging problem so far. This is due to the fact that at least two of the 7D models we
have encountered, namely the SO(3, 1) and SO(2, 2) gauged 7D models, are known to have
a string/M-theory origin. Therefore, what remains to be understood is the introduction of
the matter couplings in 6D that are needed for anomaly freedom. A natural approach for
achieving this to associate our chiral reduction with boundary conditions to be imposed on
the fields of the 7D model formulated on a manifold with boundary [22].
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A The Dual Gauged 7D Model with Matter Couplings and
Topological Mass Term
The 2-form potential occurring in the model of [13] given above can easily be dualized [22]
to a 3-form potential. To do this, one adds the total derivative term to obtain the new
Lagrangian
L3 = L − 1144ǫµ1···µ7Hµ1···µ4
(
Gµ5···µ7 +
3√
2
ω0µ5···µ7
)
, (A.1)
where
Hµνρσ = 4∂[µCνρσ] . (A.2)
We can treat G as an independent field because the C-field equation will impose the correct
Bianchi identity that implies the correct form of G given in the previous section. Thus,
treating G as an independent field, its field equation gives
Gµνρ = − 124e−2σeǫµνρσ1···σ4Hσ1···σ4 + i4√2e
−σXµνρ . (A.3)
Using this result in the Lagrangian given in (2.8), one finds
L3 = L′ − 148ee−2σHµνρσHµνρσ − 148√2ǫ
µ1···µ7Hµ1···µ4ω
0
µ5···µ7
− i
576
√
2
e−σǫµ1···µ7Hµ1···µ4Xµ5···µ7 , (A.4)
where L′ is the G-independent part of (2.8). For the readers convenience, we explicitly give
the dual Lagrangian L3 = L3B + L3F where
e−1L3B = 12R− 14eσaIJF IµνFµνJ − 148ee−2σHµνρσHµνρσ − 148√2ǫ
µ1···µ7Hµ1···µ4ω
0
µ5···µ7
−58∂µσ∂µσ − 12P irµ Pµir − 14e−σ
(
CirCir − 19C2
)
, (A.5)
e−1L3F = − i2 ψ¯µγµνρDνψρ − 5i2 χ¯γµDµχ− i2 λ¯rγµDµλr − 5i4 χ¯γµγνψµ∂νσ − 12 λ¯rσiγµγνψµPνri
+ i
96
√
2
eσHµνρσX
µνρσ + 18e
σ/2F iµνX
µν
i − i4eσ/2F rµνXµνr
− i
√
2
24 e
−σ/2C
(
ψ¯µγ
µνψν + 2ψ¯µγ
µχ+ 3χ¯χ− λ¯rλr
)
+ 1
2
√
2
e−σ/2Cir
(
ψ¯µσ
iγµλr − 2χ¯σiλr
)
+ 12e
−σ/2Crsiλ¯rσiλs , (A.6)
and where the fermionic bilinears are defined as
Xµνρσ = ψ¯λγ[λγ
µνρσγτ ]ψ
τ + 4ψ¯λγ
µνρσγλχ− 3χ¯γµνρσχ+ λ¯aγµνρσλa ,
Xiµν = ψ¯λσiγ[λγ
µνγτ ]ψ
τ − 2ψ¯λσiγµνγλχ+ 3χ¯σiγµνχ− λ¯rσiγµνλr ,
Xrµν = ψ¯λγ
µνγλλr + 2χ¯γµνλr . (A.7)
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The supersymmetry transformation rules are
δeµ
m = iǫ¯γmψµ ,
δψµ = 2Dµǫ−
√
2
30 e
−σ/2Cγµǫ
− 1
240
√
2
e−σHρσλτ
(
γµγ
ρσλτ + 5γρσλτγµ
)
ǫ− i20eσ/2F iρσ σi (3γµγρσ − 5γρσγµ) ǫ ,
δχ = −12γµ∂µσǫ− i10eσ/2F iµν σiγµνǫ− 160√2e
−σHµνρσγµνρσǫ+
√
2
30 e
σ/2Cǫ ,
δCµνρ = e
σ
(
3i√
2
ǫ¯γ[µνψρ] − i
√
2ǫ¯γµνρχ
)
, (A.8)
δσ = −2iǫ¯χ ,
δAIµ = −e−σ/2
(
ǫ¯σiψµ + ǫ¯σ
iγµχ
)
LIi + ie
−σ/2 ǫ¯γµλrLIr ,
δLrI = ǫ¯σ
iλrLiI , δL
i
I = ǫ¯σ
iλrL
r
I , (A.9)
δλr = −12eσ/2F rµνγµνǫ+ iγµP irµ σiǫ− i√2e
−σ/2Cirσiǫ .
The supersymmetry transformation rule for the 3-form potential can be obtained from the
supersymmetry of theG-field equation (A.3). Indeed, it is sufficient to check the cancellation
of the ∂µǫ terms to determine the supersymmetry variation of the 3-form potential. If we
set to zero all the vector multiplet fields, the above Lagrangian and transformation rules
become those of SU(2) gauged pure half-maximal supergravity [23], which in turn admits a
topological mass term for the 3-form potential in a supersymmetric fashion that involves a
new constant parameter [23]. In [18], it has been argued that the gauged theory in presence
of the coupling to vector multiplets does not admit a topological mass term. However, we
have found that this is not the case. Indeed, we have found that one can add the following
Lagrangian to L3 given in (A.4):
e−1Lh = he
−1
36
ǫµ1···µ7Hµ1···µ4Cµ5···µ7 +
4
√
2
3 he
3σ/2C − 16ih2e4σ
ihe2σ
(−ψ¯µγµνψν + 8ψ¯µγµχ+ 27χ¯χ− λ¯rλr) . (A.10)
Note that the coupling of matter to the model with topological mass term has led to the
dressing up of the term he3σ/2 present in that model by C as shown in the second term on
the right hand side of (A.10). The second ingredient to make the supersymmetry work is
the term he2σλ¯rλr in (A.10)
9. The action for the total Lagrangian
Lnew = L3 + Lh (A.11)
9The obstacle reported in [18] in coupling matter in presence of the topological terms may be due to the
fact that these ingredients were not considered.
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is invariant under the supersymmetry transformation rules described above with the follow-
ing new h-dependent terms:
δhψµ = −45he2σγµǫ ,
δhχ = −165 he2σǫ . (A.12)
For comparison with [23], we extract the potential and all the mass terms, and write it as
∆L = 60m2 − 10
(
m+ 2he2σ
)2
+ 5im2 ψ¯µγ
µνψν − 5i
(
m+ 2he2σ
)
ψ¯γµχ
+5i
(
3
2m+ 6he
2σ
)
χ¯χ− i2
(
5m+ 4he2σ
)
λ¯rλr − 14e−σCirCir
+ 1
2
√
2
e−σ/2Cir
(
ψ¯µσ
iγµλr − 2χ¯σiλr
)
+ 12e
−σ/2Crsiλ¯rσiλs , (A.13)
where we have defined
m = − 1
30
√
2
Ce−σ/2 − 25he2σ , (A.14)
so that
δ′ψµ = 2mγµǫ ,
δ′χ = −2(m+ 2he2σ)ǫ . (A.15)
In the absence of matter couplings, the above result has exactly the same structure as that
of [23] but the coefficients differ, even after taking into account the appropriate constant
rescalings of fields and parameters due to convention differences.
B TheMap Between SL(4, R)/SO(4) and SO(3, 3)/SO(3)×SO(3)
Let us denote the SL(4, R)/SO(4) coset representative by VRα which is a 4× 4 unimodular
real matrix with inverse VαR:
VαRVSα = δSR , α = 1, ...4, R = 1, ..., 4 . (B.1)
The map between VRα and the SO(3, 3)/SO(3) × SO(3) coset representative LAI can be
written as
LAI =
1
4 Γ
αβ
I η
A
RS VRα VSβ ≡ 14 VΓIηAV , (B.2)
where ΓI and ηA are the chirally projected SO(3, 3) Dirac matrices which satisfy [24]
(ΓI)αβ(Γ
J)αβ = −4ηIJ , (ΓI)αβ(ΓI)γδ = −2ǫαβγδ , (B.3)
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where ηIJ as well as ηAB have signature (− − − + ++). Similar identities are satisfied by
(ηA)RS . Both Γ
I and ηA are antisymmetric. Pairs of antisymmetric indices are raised and
lowered by the ǫ tensor:
V αβ = 12ǫ
αβγδVγδ , Vαβ =
1
2ǫαβγV
γδ . (B.4)
Since V is real, the Γ and η-matrices must be real as well. A convenient such representation
is given by
ΓI ≡ (ΓI)αβ =
(
αi
βr
)
, (ΓI)αβ =
(
αi
−βr
)
, (B.5)
where αi and βr are real antisymmetric 4× 4 matrices that satisfy
αiαj = ǫijk αk − δij 1l , (αi)αβ = 12ǫαβγδ (αi)γδ , (B.6)
βrβs = ǫrst βt − δrs 1l , (βr)αβ = −12ǫαβγδ (βr)γδ .
Further useful identities are
(αi)αβ (α
i)γδ = δαγδβδ − δαδδβγ + ǫαβγδ , (B.7)
ǫijk(αj)αβ (α
k)γδ = δβγ (α
i)αδ + 3 more , (B.8)
(βr)αβ (β
r)γδ = δαγδβδ − δαδδβγ − ǫαβγδ , (B.9)
ǫtrs(βr)αβ (β
s)γδ = δβγ (β
t)αδ + 3 more . (B.10)
Using the above relations and recalling that V is unimodular, it simple to verify that
LIIL
B
J ηAB = ηIJ , L
A
I L
B
J η
IJ = ηAB . (B.11)
As a further check, let us compare the potential
V = 14e
−σ
(
CirCir − 19C2
)
(B.12)
for the SO(4) gauged theory with that of [10] where it is represented in terms of the SL(4, R)
coset representative. To begin with, the function C can be written as
C = − 1√
2
fIJ
KLIiL
J
j LKk ǫ
ijk ,
= − 1
64
√
2
fIJK
(
VΓIηiV
) (
VΓJηjV
) (
VΓKηkV
)
ǫijk
= 1
8
√
2
fIJK
[
(ΓIJK)αβ T
αβ + (ΓIJK)αβ Tαβ
]
, (B.13)
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where
Tαβ = VRα VSβ δRS , Tαβ = VαR VβS δRS . (B.14)
In the last step we have used (B.8). In fact, the expression (3.20) is valid for any gauging, not
withstanding the fact that the SO(4) invariant tensor δRS occurs in (B.14). However, only
for SO(4) gauging in which the fIJK refers to the SO(4) structure constants, (3.20) simpli-
fies to give a direct relation between C and T = Tαβδαβ that is manifestly SO(4) invariant,
as will be shown below. To obtain a similar relation for gaugings other than SO(4), for
example SO(2, 2), we would need to construct the Γ and η matrices in a SO(2, 1)×SO(2, 1)
basis with suitable changes in (B.6). In that case, the SO(2, 2) invariant tensor ηRS would
replace the SO(4) invariant tensor δRS in (B.14) and we could get a manifestly SO(2, 2)
invariant direct relation between C and T .
In the case of SO(4) gauging we have fIJK = (ǫijk,−ǫrst). Using this in (3.20) we find that
the ǫijk term gives a contribution of the form (δαβT
αβ + δαβTαβ), while the ǫrst term gives
a contribution of the form (δαβT
αβ − δαβTαβ). The δαβTαβ contributions cancel and we are
left with
C = − 3
2
√
2
T , T ≡ Tαβ δαβ . (B.15)
Similarly, it follows from the definition of Cir and the orthogonality relations satisfied by
LAI that
CirCir = fIJKfMN
K LIiL
J
j L
M
i L
N
j +
1
3C
2 . (B.16)
Thus, it suffices to compute
fIJKfMN
K LIiL
J
j L
M
i L
N
j = −14
(
VΓiηjV
)
(VΓiηjV) + 6
= 12TRST
RS − 12T 2 . (B.17)
Using the results (B.15), (B.16) and (B.17) in (B.12), we find
V = 18e
−σ
(
TRST
RS − 12T 2
)
, (B.18)
which agrees with the result of [10].
In the case of Sp(1)R gauged 6D supergravity obtained from the SO(3, 1) gauged super-
gravity in 7D, i.e. model II in section 3.2, we have fIJK = (−ǫrst,−ǫijr), where ǫijr is
totally antisymmetric and ǫ124 = ǫ235 = ǫ316 = 1. For this case, the C-function has a
more complicated form in terms of the SL(4, R) coset representative V. However, setting
the scalar fields equal to zero, which is required for model II at hand, V becomes a unit
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matrix and the C-function vanishes. This is easily seen in the first line of (3.20), while it
can be seen from the last line of (3.20) by noting that the ǫrst term gives the contribution
(δαβT
αβ − δαβTαβ), and the ǫrsi term give the structure (~α · ~β)αβTαβ + (~α · ~β)αβTαβ , where
~β refers to βr−3, both of which vanish when V is taken to be a unit matrix. In the second
term this is due to the fact that ~α · ~β is traceless.
C Dualization of the Axions in the Ungauged 6D Model
The (p+ 3) axionic scalars occurring in the 6D Lagrangian L = LB +LF with LB and LF
given in (4.3) and (4.4) can be dualized to 4-form potentials with tensor gauge symmetry
straightforwardly. Start by adding the suitable total derivative term to this Lagrangian to
define
L4 = LB + LF + 15!√6 ǫ
µ1···µ6
(
−H iµ1···µ5Piµ6 +Hrµ1···µ5Prµ6
)
e−ϕ , (C.1)
where the definitions (4.9) are to be used without the gauge coupling constants. Recalling
that (2.4) holds, the ΦI field equation implies dHI5 = 0 with H
i
5 = H
I
5L
i
I and H
r
5 = H
I
5L
r
I ,
which means that locally
HIµ1···µ5 = 5∂[µ1C
I
µ2···µ5] , I = 1, ..., p + 3 . (C.2)
Solving for (Piµ, P rµ) gives
Piµ =
√
2
5! ǫ
µν1···ν5H iν1···ν5 − ψ¯γνγµσiψν − 12Xiµ ,
Prµ = −
√
2
5! ǫ
µν1···ν5H iν1···ν5 + iψ¯
rγνγµσ
iψν − 2iXrµ . (C.3)
Substituting these back into the Lagrangian (C.1), we get
L4 = L′ − 12×5!e−2ϕH iµ1···µ5H iµ1···µ5 − 12×5!e−2ϕHrµ1···µ5Hrµ1···µ5
− 1
5!
√
2
e−ϕǫµν1···ν5H iν1···ν5
(
ψ¯γνγµσ
iψν +
1
2X
i
µ
)
− 1
5!
√
2
e−ϕǫµν1···ν5Hrν1···ν5
(
iψ¯rγνγµσ
iψν − 2iXrµ
)
, (C.4)
where L′ is the (Piµ, P rµ) independent part of L = LB + LF with LB and LF given in (4.3)
and (4.4). Thus, we have L4 = L4B + L4F with
e−1L4B = 14R−
1
4
(∂µσ)
2 − 112e2σGµνρGµνρ − 18eσF r
′
µνF
µνr′ (C.5)
−14∂µϕ∂µϕ− 18P irµ Pµir − 12×5!e−2ϕaIJHIµ1···µ5HJµ1···µ5 ,
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e−1LF = − i2 ψ¯µγµνρDνψρ − i2 χ¯γµDµχ− i2 λ¯r
′
γµDµλr′
− i2 ψ¯γµDµψ − i2 ψ¯rγµDµψr − i2 χ¯γµγνψµ∂νσ
−12 ψ¯rγµγνσiψµP irν + i2 ψ¯γµγνψµ∂νϕ
− 1
5!
√
2
e−ϕHIµ1···µ5
(
ψ¯γνγµ1···µ5σ
iψν L
i
I + ψ¯
rγνγµ1···µ5σ
iψν L
r
I
)
+ i24e
σGµνρX
µνρ − i4eσ/2F r
′
µνX
µν
r′ +
1
2
√
2×5!e
−ϕHIµ1···µ5X
µ1···µ5
I , (C.6)
where the structure constants (hence the C-functions as well) are to be set to zero in the
definitions (4.7) and (4.8), and
Xµνρ = ψ¯λγ[λγ
µνργτ ]ψ
τ + 2ψ¯λγ
µνργλχ− 2χ¯γµνρχ+ λ¯r′γµνρλr′ + ψ¯rγµνρψr + ψ¯γµνρψ ,
Xµνr′ = ψ¯ργ
µνγρλr′ + χ¯γ
µνλr′ ,
Xµ1···µ5I = L
i
I (ψ¯
ργ[ργ
µ1···µ5γτ ]σiψ
τ + 2χ¯γµ1···µ5σiχ+ λ¯r
′
γµ1···µ5σiλr′
−ψ¯rγµ1···µ5σiψr − ψ¯γµ1···µ5σiψ)− 4iLrI ψ¯γµ1···µ5ψr . (C.7)
The action is invariant under the following supersymmetry transformations:
δemµ = iǫ¯γ
mψµ ,
δψµ = Dµǫ− 124eσγρστγµGρστ ǫ− i5!√6e
−ϕγµν1···ν5H iν1···ν5ǫ ,
δχ = −12γµ∂µσǫ− 112eσγρστGρστ ǫ ,
δBµν = ie
−σ
(
ǫ¯γ[µψν] +
1
2 ǫ¯γµνχ
)
−Ar′[µδAr
′
ν],
δσ = −iǫ¯χ ,
δAr
′
µ = ie
−σ/2 ǫ¯γµλr
′
,
δλr
′
= −14eσ/2γµνF r
′
µνǫ ,
δCIµ1···µ4 = − 1√2
(
ǫ¯γµ1·µ4σ
iψ + 4ǫ¯γ[µ1·µ3σ
iψµ4]
)
LIi − i√2 ǫ¯γµ1·µ4ψ
rLIr ,
LIi δL
r
I = −ǫ¯σiψr ,
δϕ = iǫ¯ψ,
δψ = 12γ
µ∂µϕǫ+
i
5!
√
2
e−ϕγµ1···µ5H iµ1···µ5ǫ ,
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δψr = i2γ
µP irµ σi − i5!√2e
−ϕγµ1···µ5Hrµ1···µ5ǫ . (C.8)
The supersymmetry transformation rule for CIµ1···µ4 is derived from the requirement of
supercovariance of (C.3), which requires the cancellation of the ∂µǫ terms.
D The Iwasawa Decomposition of SO(p, q)
We begin with the Iwasawa decomposition of the SO(n + 3, 3) algebra as g = h ⊕ a ⊕ n
where
h : Xij , Yij , Zir , Trs ,
a : Hi ,
n : Ei
j , V ij , Uir , i > j . (D.1)
HereX = E−ET , Y = V −V T , Z = U−UT , together with the SO(n) generators Trs = −Tsr
form the maximal compact subalgebra {h} of SO(n + 3) × SO(3). Furthermore, {a} are
the noncompact Cartan generators and {n} are the remaining noncompact generators of
SO(n + 3, 3). The generators a⊕ n form the solvable subalgebra of SO(n+ 3, 3), and can
be represented as (see, for example, [20])
~H =

∑
i ~ci eii 0 0
0 0 0
0 0 −∑i ~ci eii
 , Eij =

−eji 0 0
0 0 0
0 0 eij
 ,
V ij =

0 0 eij − eji
0 0 0
0 0 0
 , U ir =

0 eir 0
0 0 eri
0 0 0
 . (D.2)
The maximal compact subalgebra generators are then represented as
Xij =

eij − eji 0 0
0 0 0
0 0 eij − eij
 , Yij =

0 0 eij − eji
0 0 0
eij − eji 0 0
 ,
Zir =

0 eir 0
−eri 0 eri
0 −eir 0
 , Trs =

0 0 0
0 ers − esr 0
0 0 0
 . (D.3)
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Each eab is defined to be a matrix of the appropriate dimensions that has zeros in all its
entries except for a 1 in the entry at row a and column b. These satisfy the matrix product
rule eab ecd = δbc ead.
The solvable subalgebra of SO(n+ 3, 3) has the nonvanishing commutators
[ ~H,Ei
j] = ~bij Ei
j , [ ~H, V ij] = ~aij V
ij , [ ~H,U jr ] = ~ci U
i
r ,
[Ei
j , Ek
ℓ] = δjkEi
ℓ − δℓiEkj ,
[Ei
j , V kℓ] = −δki V jℓ − δℓiV kj , [Eij , Ukr ] = −δki U jr ,
[U ir, U
j
s ] = δrsV
ij , (D.4)
where the structure constants are given by
~bij =
√
2 (−~ei + ~ej) , ~aij =
√
2 (~ei + ~ej) , ~ci =
√
2 ~ei . (D.5)
The nonvanishing commutation commutation rules of the maximal compact subalgebra
SO(n+ 3)⊕ SO(3) are
[Xij ,Xkℓ] = δjkXiℓ + 3 perms , [Tpq, Trs] = δqrTps + 3 perms , (D.6)
[Xij , Ykℓ] = δjkYiℓ + 3 perms , [Xij , Zkr] = δjkZir − δikZjr ,
[Yij , Ykℓ] = δjkXiℓ + 3 perms , [Tpq, Zir] = δqrZip − δprZiq ,
[Zir, Zjs] = −δrsXij + δrsYij − 2δijTrs , [Yij , Zkr] = −δjkZir + δikZjr .
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